Vector beams have found a myriad of applications, from laser materials processing to microscopy, and are now easily produced in the laboratory. They are usually differentiated from scalar beams by qualitative measures, for example, visual inspection of beam profiles after a rotating polarizer.
Since the invention of the laser and the definition of its transverse modes, many studies have considered the question of a beam quality factor for arbitrary laser modes [1] . In the early 1990s tools traditionally associated with statistics were applied to laser beams with uniform polarization (scalar beams), exploiting the analogous behavior between probability density functions and laser beam intensity profiles [2] . Viewing the latter as a probability of finding the light, statistical moments were used to define beam and divergence widths as second moments of the intensity, ultimately giving rise to a beam quality factor, M 2 , as a single measure of any scalar mode [3] . This measure has since been extensively studied, with novel digital measurement techniques [4] , and is incorporated into the ISO standards for measuring and defining laser beams.
In recent years, laser beams with nonuniform polarization distributions, so-called vector beams, have become topical due to the scope of their applications in topics as diverse as optical microscopy [5, 6] , optical tweezers [7, 8] , quantum memories [9] , and data encryption [10] . Over the past few years, a variety of means to generate vector vortex beams have been envisioned, internal [11, 12] and external to laser cavities in either interferometric [13] [14] [15] [16] or direct ways [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] .
Despite the many advances in generating these beams, the means to detect them lags behind. Such detection techniques include the use of rotating analyzers with interferometers [27] , as well as geometric phase plates with single-mode fibers [28] . Importantly, no quantitative measure defines the quality of a vector mode, for instance, to differentiate them from scalar modes. Presently this is done by qualitative means, such as measuring the profile change after a polarizer, or by averaging the degree of polarization across the beam.
Here we borrow tools traditionally associated with quantum mechanics and apply them to vector beams. Because vector beams can be viewed as "entangled" or nonseparable in their spatial and polarization degrees of freedom, we apply entanglement measures to quantify this quintessential property of vector modes, calling it the vector quality factor (VQF). We demonstrate this technique on a variety of beams in a continuous range from purely scalar to purely vector. This work offers a new tool for laser beam characterization of vector modes.
Consider a transverse electric field in any coordinate system r of the form
where e L and e R represent left-and right-handed polarization states with associated spatial modes u L r and u R r, respectively. The parameter θ determines if the transverse mode, U r; θ, is purely vector (θ n 1π∕4), purely scalar (θ nπ∕4) where n is a positive integer, or some partially vector mode. Given only the left-hand side of Eq. (1), what should a suitable measure be to determine if the beam is vector or not, and how can this be measured? We would like a VQF that maps purely scalar through purely vector beams to the range 0 through 1. To achieve this, we use a measurement typically associated with quantum mechanics, the concurrence C [29] (the degree of entanglement), as a measure to define a VQF as
where s is the length of the Bloch vector, defined as
Here i 1; 2; 3 and σ i are the expectation values of the Pauli operators, representing a set of normalized intensity measurements. Optically, s corresponds to the degree of polarization of the averaged polarization state, where a detailed derivation can be found in [30] .
As an example, consider a cylindrical vector vortex mode, defined in standard polar coordinates, U r; ϕ; θ cosθ exp−ilϕe L sinθ expilϕe R ; (4) where l is the azimuthal index of the beam carrying lℏ quanta of orbital angular momentum (OAM) per photon. For example, θ π∕4 would define a radially polarized vector mode, while θ −π∕4 would define an azimuthally polarized mode. For a left-(right-) circularly polarized scalar vortex mode, θ 0π∕2. To calculate s, only 12 normalized, on-axis intensity measurements are required: six identical measurements performed for two different basis states. The intensities I ij , normalized to the maximum of I, are defined by the chosen measurement basis i, and six projection measurements j. If circular polarization is chosen as the measurement basis, for instance, i fL; Rg, the projection measurements are represented by two pure OAM modes, l; −l, and four superposition states, expilϕ expiα exp−ilϕ, defined by the intermodal angle α 0; π∕2l; π∕l; 3π∕2l. Table 1 shows how each intensity is assigned to its respective basis state and projective measurement for a first-order vector vortex mode.
These six OAM measurements map the higher-order Poincaré sphere [19] . This technique adapts a full-state tomography more commonly used for quantum entangled states, where an over-complete set of measurements is used to describe the full density matrix and compute the degree of entanglement [31] . The expectation values of the Pauli operators are computed from I as follows: 
These expectation values resemble the Stokes parameters used in recovering the polarization distribution [32] but are fundamentally different: they do not represent a series of polarization measurements but rather a series of holographic measurements of the spatial field, and result in a measure of the degree of nonseparability of vector beams.
We implement this experimentally by employing a combination of geometric and dynamic phase control. Figure 1 shows the generation of a vector vortex beam using a q-plate [22, 33, 34] , which follows the selection rules (written in braket notation): jl; Li → jl Q; Ri and jl; Ri → jl − Q; Li. The azimuthal charge introduced by the q-plate is Q 2q 1. Note that the polarization of the incident beam determines the generated vector mode. Irrespective of the generation technique, the vector mode can be analyzed in two different systems: a vector quality detection scheme and a vector mode sorter. The latter distinguishes between different vector modes, while the former provides a quantifiable measure of the quality of the vector mode. Both systems use a modal decomposition technique [35] , in which an inner product of the incident field with a match filter is used to determine the weighting coefficients of the modes. Here, an input field V r is decomposed into basis states U p r, such that V r P p a p U p r. The modulus of the modal weighting coefficients a p can be determined by the inner product of the incident field with a match filter: jhU p jV ij ja p j. Optically, the inner product is performed by directing the incident beam onto a match filter and viewing the Fourier transform, with the use of a lens (FL), on a charge-coupled device (CCD) camera [35] . Fig. 1 . Experimental generation and analysis of vector modes. Using a half-wave plate (λ∕2) to adjust the polarization of the fundamental Gaussian mode, we generated cylindrical vector modes with a q-plate of topological charge q 1∕2. The q-plate is aligned such that its global phase is zero with respect to the horizontal axis. The generated vector modes were directed into two detection systems. On the one hand, we distinguished between vector modes using a sorter, whereby the beam was passed through a second q-plate and a polarizing beam splitter (PBS); the two acted as a correlation filter. The output of the correlation was measured at the Fourier plane using a Fourier lens (FL). On the other hand, we determined the VQF by performing polarization projections using a polarization grating (PG), and OAM projections using phase patterns encoded on the spatial light modulator (SLM). The outputs were measured in the Fourier plane of two Fourier lenses. (BS, beam splitter; CCD, charge-coupled device.)
In the case of the mode sorter, which distinguishes between radially and azimuthally polarized vector beams, a q-plate of charge q 1∕2 together with a polarizing beam splitter (PBS) formed the match filter for the modal decomposition. The q-plate converts a radially (azimuthally) polarized vector vortex beam into a Gaussian mode with homogeneous polarization. A Fourier lens (FL) was placed in each polarization arm and the on-axis intensity was recorded on the CCD camera. That is, if a radially (azimuthally) polarized vector vortex beam is directed into the mode sorter, a non-zero on-axis intensity will only be detected in the horizontal (vertical) polarization arm. The experimental results are shown in Fig. 2 , where a radially and an azimuthally polarized vector vortex beam were both detected with 100% certainty in each case. If the incident beam consists of a mixture of azimuthal and radial vector modes in Fig. 2 , the decomposition technique allows the relative weightings to be accurately determined [36] .
The VQF does not depend on the type of vector beam and can be determined by measuring both the polarization and OAM degrees of freedom, in principle in any basis. This is a consequence of the fact that entanglement does not change with a change of basis. The polarization component was measured using a polarization grating (PG), which uses geometric phase to diffract light into two beams in the 1 and −1 orders such that the two output beams have opposite circular polarizations [37] . Each polarization arm was directed onto a spatial light modulator (SLM) encoded with a digital phase pattern that acts as the azimuthal match filter for the decomposition. SLMs are polarization-sensitive in that the desired beam reflected from the screen consists of only horizontally polarized light. As such, there is no need to place an additional quarterwave plate before the SLMs to convert circular polarization to linear. To satisfy Eqs. (5)- (7), the on-axis intensity for six OAM states were measured in each polarization arm. Figures 3(a) and 3(b) show the 12 normalized intensity measurements for a vector and scalar vortex beam, respectively. In this case, the circular polarization basis was chosen and six different OAM projections were made for both the left-and right-circular polarization states. Phase-only holograms were encoded onto the SLM to detect the azimuthal component of the vortex modes.
Using Eq. (2), the VQF was calculated to be 0.98 0.01 for a radially polarized vector vortex beam and 0 for a scalar vortex mode. By simply rotating the quarter-wave plate, λ∕4, before the first q-plate in the generation section, the state of the beam created can be varied continuously from purely vector to purely scalar; this amounts to varying θ in Eq. (4). As such, the VQF was measured for different orientations of the quarter-wave plate and the results, graphically illustrated in Fig. 4 , show that this measurement of the vector quality maps purely scalar through to purely vector beams with the range 0 through 1.
Moreover, the intensity measurements necessary to compute the VQF can, equally, be obtained in real-time with a single measurement by multiplexing all the required holograms into Fig. 2 . Sorting of radially and azimuthally polarized vector vortex beams. By measuring the on-axis intensity, the relative weightings of radially and azimuthally polarized vector modes were determined for both pure and superposition states. Fig. 3 . Graphical depiction of the actual intensity measurements corresponding to those of Table 1 , with the holograms shown in each column and the two polarization measurements in the rows. We illustrate two examples, (a) a vector vortex mode and (b) a scalar vortex mode. The scalar mode has one polarization component only and is separable, whereas the vector mode has both and is nonseparable. Fig. 4 . Evolution of the vector quality factor (VQF) with respect to the nature of the input state. Using a quarter-wave plate, the polarization of the input Gaussian beam was varied from linear to circular, such that the vortex beam generated after the q-plate varied from vector to scalar, respectively. The VQF was calculated from the 12 decomposition measurements (red dots) and plotted against the theoretical prediction (blue solid line) for each orientation of the quarter-wave plate. The experimental images show the relative intensities of the left-and right-circular polarization states for different orientations of the quarter-wave plate. [38] . A superposition of the six previously used match filters, each having a transmission function t n r and a unique carrier frequency K n , were encoded on two halves of a single SLM. The transmission function of each half is thus given by T r X 6 n1 t n r expiK n r; (8) resulting in 12 outputs on the CCD camera as shown in Fig. 5(a) . The intensities of the modes detected by each of the 12 match filters, as well as the detector positions for the entries I ij , for both vector and scalar vortex beam, are shown in Figs. 5(b) and 5(c), respectively. Although our implementation has been based on vector vortex beams, this is for convenience only. The concept and definition of a vector beam quality factor is independent of the type of vector beam under study, and only the optical elements in the measurement setup would require change. (We anticipate that many users will require a measure for a known form of vector beam.) Moreover, this approach produces a single number that immediately indicates how vector the mode is, for instance, a quantitative measure. In contrast, the degree of polarization produces a number for every point on the field, and thus while this is quantitative for a particular point, it does not determine the vector quality of the mode as a whole. Note also that the vector mode sorter step in the experiment is not necessary to determine the VQF but serves as a secondary confirmation of the mode being analyzed. Thus the real-time measurement of the 12 parameters with a single hologram makes the setup comparatively as easy as a Stokes measurement.
In conclusion, we have introduced a new laser beam characterization tool for arbitrary vector beams by borrowing concepts from quantum mechanics. Our VQF offers a quantitative measure of the quality of a vector mode, which we believe will be a useful tool in the analysis of such beams in both laboratory and industrial applications. 
